Quantum spin-Hall effect, a manifestation of topological properties that govern the behavior of surface states, was studied intensively in condensed matter physics resulting in the discovery of topological insulators. The quantum spin-Hall effect of light was introduced for surface plane-waves which intrinsically carry transverse optical spin, leading to many intriguing phenomena and applications in unidirectional waveguiding, metrology and quantum technologies. In addition to spin, optical waves can exhibit complex topological properties of vectorial electromagnetic fields, associated with orbital angular momentum or nonuniform intensity variations. Here, by considering both spin and angular momentum, we demonstrate a generalized spin-momentum relationship that governs vectorial properties of guided electromagnetic waves, extending optical quantum spin-Hall effect to a two-dimensional vector field of structured guided wave. The effect results in the appearance of the out-of-plane transverse optical spins, which vary progressively from the 'up' state to the 'down' state around the energy flow, and their variation is uniquely locked to the energy propagation direction. The related spin-momentum locking in a chiral spin swirl is demonstrated with four kinds of surface structured waves and proven both theoretically and experimentally. The results provide understanding of the spin dynamics in electromagnetic guided waves and show great importance in spin optics, topological photonics and optical spin-based devices and techniques.
coupling governed by the Maxwell's field theory, the QSHE of light was reported and linked to modes with the evanescent fields, such as surface waves or waveguided modes 13, 20 . For example, surface plasmon polaritons (SPPs) as surface modes propagating at an insulator/metal interface 21 , exhibit features of spin-momentum locking that are analogous to the behavior of surface state on a topological insulator 13 .
This intrinsic optical QSHE lays the foundation for many intriguing phenomena such as the spin-controlled unidirectional excitation of surface and waveguided modes [22] [23] [24] [25] [26] , and offers potential applications in photonic integrated circuits, polarisation manipulation, metrology and quantum technologies for generating polarisation entangled states [27] [28] [29] [30] .
The QSHE of light was previously demonstrated for an evanescent plane-wave 13 with the transverse optical spin 31 (S) dependent on the wave vector (k) as ∝ (Re × Im ) (Re ) 2 ⁄ . This indicates that surface plane waves with opposite propagating directions will bear reversed transverse spins oriented parallel to the guiding surface ( Fig. 1(a) ). However, it is unclear how this can be applied in a general case of structured guided vectorial fields with non-uniform intensity distribution which may also carry angular orbital momentum, such as a Weber/Airy evanescent wave which undergoes a curved path with the energy flow direction varying during propagation 32, 33 or a surface Bessel beam with a nonzero topological charge 34 . Here, we derive an intrinsic connection between the optical SAM and the energy flow density, demonstrating the generalized spin-momentum law which governs the spin dynamics in electromagnetic guided modes. This generalized QSHE extends the understanding of the transverse spin-momentum locking from plane evanescent waves to a 2D chiral spin swirl associated with the structured guided modes, thus generalizing the optical QSHE to arbitrary evanescent vector fields. These results are important for understanding spin dynamics in electromagnetic waves from RF to UV spectral ranges and for applications in spin optics, topological photonics, polarisation measurements, metrology, the development of robust optical spin-based devices and techniques for quantum technologies 35 .
To understand the spin dynamics in complex electromagnetic waves, it is important to identify an observable physical quantity which describes the intrinsic spin-momentum coupling properties. The photon momentum = ℏ , where k is the wavevector and ℏ is the Plank constant, determines the energy flow density (Poynting vector, P) via ∝ 2 2 ⁄ , where is the speed of light 36 . Therefore, the wave vector, momentum and energy flow density of an electromagnetic field are closely interlinked.
The intrinsic spin-momentum law as derived from the Maxwell's equations is expressed as (see SI for the details of the derivation) 
where ω and k represent the angular frequency and wavenumber of an electromagnetic field, respectively.
Since photonic spin Chern number equals 4, the optical modes are double-degenerate and there would be two pairs of surface modes (TM and TE modes) 13 . The existence of an interface between mediums with different relative permittivity and permeability breaks the dual symmetry between the electric and magnetic features and hence only one polarized state of surface evanescent modes survives owing to the breaking of the polarization degeneracy. Thus, the intrinsic connection between spin and energy flow density was considered for individual TM or TE guided modes.
The generalized spin-momentum relationship (Eq. 1) is a manifestation of the conservation law of SAM. For a monochromatic time-harmonic wave in a passive and lossless optical system, the continuity equation results in ∇ • = , which means that the spin angular momentum cannot be created, or dissipated in a lossless, passive system. The vanishing divergence indicates that the SAM could be expressed as the curl of a physical vector: in our case, the Poynting vector of a guided mode (see Supplementary Information). Since curl of a vector field can be regarded as its current vortices, Eq. (1) also reveals that SAM of an evanescent field originates from the vortices of photon energy flow. The SAM in this case is proportionate to the transverse gradient of the energy flow density. From the quantum perspective, the SAM can be regarded as the expectation value of photon spin operator and rewritten as 〈̂〉 = ⟨ |̂| ⟩ 4 ⁄ by employing the photon wave function (| ⟩) with Riemann-Silberstein vector 37, 38 .
Thus, the curl of the momentum can be expressed as (see SI for the details)
where ̂3 = −iℏ∇ is the momentum operator, ̂ is the spin-1 matrix in SO (3) space. This clearly reveals the transverse nature of these optical spins from the energy flow vortices (i.e., the spin vector lies in the plane perpendicular to the propagating direction, in contrast to the "longitudinal spin" with the vector parallel to the propagating direction 31 ). Eq. (2) The spin-momentum locking in an evanescent plane wave as illustrated in Fig. 1a is a special, one-dimensional case of the spin-momentum law with the SAM vector aligned along the interface.
Assuming the guided mode propagating along -direction and evanescently decaying along -direction, one can deduce that the energy flow density =̂(2 ) ⁄ −2 and the spin angular momentum = (2 ) ⁄ −2 , where ε, μ denote the permittivity and permeability of the medium, β and kz stands for the in-plane and out-of-plane wave vector components, respectively. The energy flow density and SAM of the evanescent plane wave are connected through the generalized spin-momentum relation: = × 2 2 ⁄ = −̂( / )/2 2 . For structured evanescent modes with spatially varying intensity distribution, the inhomogeneity of energy flow density can induce several SAM components in different directions. The variation of energy flow density in z-direction induces an in-plane component of the SAM, while the in-plane energy flow changes induces a z-component of the spin, both perpendicular to the local energy propagation direction. The relationship between the two components would lead to a chiral spin texture with spin vectors swirling around the energy flow ( Fig. 1b) . More importantly, its tendency of directional variation (i.e., the chirality) is locked to the momentum. This is a manifestation of the types of the beams, the orientation of photon spin vectors varies progressively from the 'up' state to the 'down' state when their photon energies propagate along the forward direction ( Fig. 2 , middle panels). The intrinsic spin-momentum locking present in evanescent waves ensures the topological protection in terms of spin vector swirl being completely determined by the energy flow density. Thus, to observe the reversal of the spin swirling from the 'down' state to the 'up' state, the propagation direction must be reversed (Fig.   2 , bottom panels). This spin-momentum locking is preserved even for surface modes suffering from the Ohmic losses, which influence only the intensity of the wave but not the orientation of photon spin vector.
Note that the photon spin vector has orientation along the interface at the maxima of the energy flow density, and are normal to it at the nodes. Therefore, a period of spin variation can be defined between the two adjacent nodes of energy flow density which exhibits a similar feature to a topological soliton 40 .
Experiments were carried out subsequently to validate the spin-momentum locking feature associated with the structured surface waves. The experiments were demonstrated using the example of surface plasmon polaritons (SPPs), which were excited under the conditions of a total internal reflection (TIRF) using a lens with high numerical aperture NA=1.49. Spatial light modulator and amplitude masks were employed to modulate the phase and wavevector of the excited SPPs to generate the desired plasmonic In summary, we have demonstrated an intrinsic spin-momentum law which governs the spin dynamics of structured electromagnetic evanescent waves. It is shown that the QSHE, which governs 1D uniform spin of surface plane wave, can be extended to a 2D chiral spin swirl for structured guided modes, 22. Rodrí guez-Fortuño, Francisco J., Marino, G., Ginzburg, P., O'Connor, D., Martí nez, A., Wurtz, Gregory A., and Zayats, Anatoly V., Near-field interference for the unidirectional excitation of electromagnetic guided modes. Science 340, 328-330 (2013) . 
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Supplementary Note 1 | Definition of basic physical quantities of electromagnetic field
All the definitions of physical quantities in the manuscript and Supplementary Materials are derived from the Maxwell's theory [S1] and the first quantization theory (the optical Dirac equation) for the electromagnetic waves [S2-S14] . These definitions were widely adopted for studying the spin-orbit interaction in light [S15] . In the following, we only consider the Cartesian coordinates (x, y, z) with directional unit vector (̂,̂,̂), while the complex beams in other coordinate systems can also be derived with the same procedure.
The energy flow density (EFD), also known as the Poynting vector (P) of an optical beam can be expressed as [S16]:
where E and H represent the electric and magnetic fields, respectively. The superscript * denotes the complex conjugate. For a time-harmonic, monochromatic electromagnetic wave, the Poynting vector can also be expressed as the momentum density of the field
where ε, μ denote the permittivity and permeability of the medium, c is the speed of the light and ω is the angular frequency of wave. Note that the momentum density is here decomposed into contributions from the electric (p e ) and magnetic (p m ) field components.
By considering the Gaussian's law of the electric and magnetic fields in a lossless and passive medium, the momentum density of the field can be expressed as [S17]
On the other hand, from the quantum perspective (the first quantization of photons in the optical Dirac equation), by introducing the photon wave function [S2-S14]
the momentum density can also be expressed in the Dirac notation as
where ̂3( ) is the Hermitian local momentum operator in the position representation: ̂3( ) = 1 2 ( (̂− )̂3 +̂3 (̂− )) with ̂3 = −iℏ∇ being the momentum operator [S3] , ̂ is the spin-1 matrix in SO (3) 
respectively. From Eq. (S6a) and the second term in Eq. (S5), the spin angular momentum (SAM) is 
On the other hand, by considering the relationship between the electric and magnetic fields within the Maxwell's theory, the curl of the SFD can be evaluated as   2 s 2 1
Im 4 1 2 Im 2
where k=ω/c is the wave vector of the field in the medium. By introducing a Dyad's vector given by [S18] 1 2 1 2 1 2
13
where the two vectors are 1 = ( 1 , 1 , 1 ) T and 2 = ( 2 , 2 , 2 ) T , the curl of the momentum density can be expressed as
The superscript 'T' means the transpose of a matrix. Accordingly, the curl of the energy flow density is
where
r r r r [S19] . Note that the second part in the right side of Eq. (S12)
has a same structure as the quantum 2-form [S20, S21] that generates the Berry phase associated with a circuit, which indicates a spin-orbit interaction in the optical system [S3, S12, S15].
ii. The spin-momentum law for the electromagnetic guided waves
We consider the situation of the guided waves which have an evanescent field on the example of transverse magnetic (TM) surface electromagnetic waves propagating in xy-plane. In this case, the evanescent field exponentially decaying in the z-direction can be expressed as ( , ) − , where ikz is the normal to the interface component of the wave vector (c.f. Fig. 1 ). The out-of-plane magnetic field component vanishes (Hz = 0) and all the other field components fulfill the relationship: = − . 
Similarly, for the TE mode evanescent wave (Ez = 0), the field components fulfill the following conditions: 
Supplementary Note 3 | Wave function description of the spin-momentum law
Now we will derive the spin-momentum relationship from the quantum perspective. By using the mathematical identity for arbitrary vectors A and B: [S3, S21] , where Ŝ is the spin-1 matrix in SO(3) expressed as:
the spin angular momentum can be rewritten as an expectation value of SO (3) 
Here, On the other hand, by replacing the curl-operation (∇) with the momentum operator ̂3, the curl of momentum density given in Eq. (S5) can be expressed as
By considering the vector identity: 
As the result, the first term in the right side of Eq. (S21) can be regarded as the total spin angular momentum, while the second term as the longitudinal spin with the spin vector aligned parallel to the propagation direction. Their vector difference results in a SAM component with spin vector perpendicular to the propagation direction. In other words, the SAM from the curl of Poynting vector is a category of the optical transverse spin.
Supplementary Note 4: Validation of the spin-momentum law for various surface waves
We will now verify the above spin-momentum law for various TM surface waves. Note that the TE mode evanescent waves can be verified in a same way by exchanging the electric field components with magnetic field components.
i. Surface plane wave
For a monochromatic TM mode with an evanescent field decaying in z-direction, the field component satisfies the Helmholtz equation:
where = ⁄ is the wave vector of the wave. Assuming that the surface wave propagates along y-axis, the electric and magnetic fields can be written as [S23, S24]    ˆe 
where ̂,̂,̂ are the unit direction vectors. Here, = is the propagation constant. Thus, the energy flow density of the evanescent wave is:
and the SAM can be calculated to be:
By examining Eq. (S24) and Eq. (S25), one can find that the spin-momentum relationship = 1 2 2 ∇ × for the surface plane wave is satisfied.
ii. Surface Cosine beam
The same as above, assuming the beam propagates along y-direction, the z-component of the electric field can be expresses as:
where A is a complex constant. By employing Eq. (S13), the other field components can be calculated as 
The Poynting vector and the curl can be calculated as
On the other hand, the SAM can be deduced to be:
which satisfies Eq. (S17). The Poynting vector and SAM distributions for the Cosine beams with forward (+y direction) and backward (-y direction) propagation directions are summarized in Fig. S1 , for the special case when kx= ky =β· sin(/4). The general form of the z-component electric field can be expressed as [S25] : r k z r
which satisfies Eq. (S17). The Poynting vector and SAM distributions for the surface Bessel beams with topological charge of l= +/−1 are given in Fig. S2 . 
iv. Surface Weber beam
Since the two terms are functions of independent variables σ and τ, they can be separated as
where 2 is the separation constant. Eq. (S37) demonstrates a two-dimensional propagation-invariant
Weber beams in a parabolic cylindrical coordinate [S26-S28] . After solving the equation and transferring back to the Cartesian coordinates and using the relationship: = , = ( 2 − 2 ) 2 ⁄ , the general form of the propagating-wave solution is 22   22  13   2  22  1  2  1  2  1   2   2  22  3  2  1  2  1   1  F  G  2  F  G  2  1  1  1  1  F  ;  ;  F  ;  ;  2  4  2  2  4  2  1  3  3  3  3  2  2  F  ;  ;  F  ;  ;  2  4  2  2 
where Γ 1 = Γ [ 2 + 1 4 ], Γ 3 = Γ [ 2 + 3 4 ] and Γ[x] is the complex Gamma function. Here, F1 is the confluent hypergeometric function of the first kind. The Poynting vector and SAM distributions for the evanescent Weber beams propagating along +/−y directions are illustrated in Fig. S3 for the beam parameter a=40.
Note that we use the numerical calculation to solve the field components of a Weber beam with Eq. (S13). can be expressed as [S29-S31]     
where Ai indicates the Airy function of the first kind, = and = 2 are the modulated coordinates, a is a parameter defining the exponential apodization of the Airy beam, and 2wm is the width of the main lobe. The Poynting vector and SAM distributions for the surface Airy beams propagating along the +/−y-direction are summarized in Fig. S4 for the beam parameters = 0.01 and = 1.1 ⁄ . 
vi. Summary of structured wave solutions
The summary for the above four special types of surface beams are shown in Table. S1. Note that we use the numerical simulations to solve the field components of the Weber beams with Eq. (S13), as the derivations of the confluent hypergeometric function do not exist. Thus, the analytical expressions of the energy flow density and the SAM for the Weber beams are not provided in Table S1 . It was demonstrated that all of the surface beams considered above fulfill the generalized spin-momentum relationship:
Nevertheless, there are also many surface mode solutions of the Maxwell's equations which cannot be solved explicitly and thus the spin-momentum relationship cannot be verified analytically. Fortunately, from the classical field theory and quantum field theory [S32] , arbitrary electromagnetic waves can be expanded by the plane-wave solutions. One can verify that the relationship between the SAM and energy flow density for the superposition of two plane evanescent waves are indeed fulfilled [S33, S34] , which indicates that the generalized quantum spin-Hall effect (three-dimensional spin-momentum locking relationship) would be present in an arbitrary structured evanescent field. 22
Supplementary Note 5 | Experimental setup and methods
The experimental setup is shown in Fig. S5 . The experiment was performed on the example of surface plasmon polaritons (SPPs), which are TM mode evanescent waves supported at a metal-dielectric interface. A He-Ne laser beam with a wavelength of 632.8nm was used as a light source. After a telescope system to expand the beam, a combination of linear polarizer (LP), half-wave plates (HWP), quarter-wave plates (QWPs) and vortex wave plates (VWPs) was employed to modulate the polarization of the laser beam. A spatial light modulator (SLM) was then utilized to modulate the phase of the beam. 
i. Surface Cosine wave
To generate the SPP Cosine beams in the experiment, a pair of opaque masks were designed and put right below the objective lens in order to filter the wave vectors in the incident plane of the objective.
Incident light was, therefore, blocked except for the two open angles with angle spread of 8 o (Fig.   S5(b-c) ).
The experimental results are shown in Fig. S6(a-h) together with the simulation results in Fig. S6(i-n) obtained with the vectorial diffraction theory [S38-S40] . As can be seen, the two opaque masks generate the SPP Cosine beams with opposite propagation directions. The theoretical and experimental results match well and the spin-momentum locking property of the SPP Cosine beams is clearly demonstrated. 
ii. Surface Bessel wave
The method to generate the SPP Bessel beams can be found elsewhere [S41-S43] . Here, we use the left-handed and right-handed CP lights to generate the SPP Bessel beams with topological charge of +1 and -1, respectively. The experimental results are shown in Fig. S7 , along with the theoretical results for comparison. The spin-momentum locking property for the SPP Bessel beams was clearly demonstrated.
iii. Surface Weber and Airy beams
The SPP Weber and Airy beams were generated by the vectorial Fourier integral method [S26, S44] .
In the experiment, we utilize the opaque masks as shown in Figs. S5(d-e ) to adjust the spatial frequencies of incident light and employ the SLM to code the phases into the incident beam. 
with a parameter a=10 was used for the experiment. The phase diagram shown in Fig. S8(a) , together with the opaque mask shown in Fig. S5(d) , was employed to generate the SPP Weber beam propagating in +y direction. Similarly, the phase diagram shown in Fig. S8 (b) and the mask shown in Fig. S5 (e) were employed to generate the Weber beam propagating in -y direction. The experimental results along with the theoretical simulations are shown in Fig. S9 . The method for generating the SPP Airy beams can be found in [S26, S45] (S42) was encoded into the SLM for generation of the surface Airy beams with parameters a1=0.1 and b1= 15.
The phase diagram shown in Fig. S8(c) , together with the opaque mask shown in Fig. S5(d) were employed to generate the SPP Airy beam propagating in +y direction. Similarly, the phase diagram shown in Fig. S8(d) and the opaque mask shown in Fig. S5(e) propagating in the -y direction (generated with the in Fig. S5 (e) and the phase diagram in Fig. S8(d) ). The scanning step size in the experiment was 25 nm. The arrows in (a) and (e) indicate the propagating directions of the generated Airy beams. i-k and l-n, The corresponding theoretical calculation results obtained with the vectorial diffraction theory for b-d and e-h, respectively. The distance units is the wavelength of light in vacuum.
